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1 Introduction 

All the rings are assumed to be commutative Noetherian and all the modules are finitely generated. 

Let A be a ring of dimension d and let P be a projective A-module of rank n. We say that P is 
cancellative if P®A"^ ^ QqA™ for some projective A-module Q implies P ^ Q. 

A classical result of Bass (|2.2|) says that ii n > d, then P is cancellative. It is well known that 
Bass' result is best possible in general (since tangent bundle of real 2-sphere is stably trivial but not 
trivial). However, Bass' result can be improved in some specific cases which we describe below. 

Theorem 1.1 (i) If A is an affine algebra of dimension d over an algebraically closed field, then 
Suslin J20\j proved that every projective A-module of rank > d is cancellative. 

(ii) If A is an affine algebra of dimension d over an infinite perfect Ci- field k such that l/d\ G k, 
then Suslin fl9f proved that A^ is cancellative. Subsequently, Bhatwadekar (f^. Theorem 4.1) proved 
that every projective A-module of rank d is cancellative. 

[Hi) If A is an affine algebra of dimension d overZ,, then Vaserstein (1231, Corollary 18.1, Theorem 
18.2) proved that A'^ is cancellative. Subsequently, Mohan Kumar, Murthy and Roy (Jllf. Corollary 
2.5) proved that every projective A-module of rank d is cancellative. 

We note that Bhatwadekar's proof [3] uses Suslin's result [19] that A"^ is cancellative. Similarly, 
the proof of Mohan Kumar et. al. [11] uses Vaserstein's results [23]. Hence, in view of the above 
results, we can ask the following: 

Question 1.2 Let A be a ring of dimension d. Assume that A'^ is cancellative. Is every projective 
A-module of rank d cancellative? 

In (|2], Example 3.11), Bhatwadekar has given an example of a smooth real affine surface A such 
that A^ is cancellative, but Ka®A is not cancellative, where Ka is the canonical module of A. Thus, 
the above question has negative answer in general. We will modify the above question and prove the 
following result (|3.5[) . 

Theorem 1.3 Let A be a ring of dimension d. Assume that for every finite extension R of A, R^ is 
cancellative. Then every projective A-module of rank d is cancellative. 

For a ring k, a finite extension of an affine fc-algebra is an affine fc-algebra. Hence, in (jl.ip , assuming 
the result of Suslin [19], our result gives an alternative proof of Bhatwadekar's result [3]. Similarly, 
assuming the result of Vaserstein [53], it gives an alternative proof of Mohan Kumar et. al. [TTj . 

Regarding question (|1.2p . Bhatwadekar ([2], Proposition 3.7) proved the following interesting result: 
Let A be a ring of dimension 2 and let P be a projective A-modulc of rank 2. If A^(P)©A is cancellative. 



then P is cancellative. In particular, if is cancellative, then every projective A-module of rank 2 
with trivial determinant is cancellative. In view of this result, Bhatwadekar ([3], Question VII) asked 
the following question which is open for d > 3. 

Question 1.4 Let A be a ring of dimension d. Assume that A'^ is cancellative. Is every projective 
A-module of rank d with trivial determinant cancellative? 

In [10] , Mohan Kumar has given an example of a smooth afRne algebra of dimension n > 4 over 
which there exist projective modules of rank n — 2 that are not cancellative. More precisely, he proved 
the following: let p be a prime integer and let k be any algebraically closed field. Then there exists 
an / G yl — k[Xi, . . . ,Xp+2] and a projective ^/-module P of rank p such that P®Af ^ ^/^^ but 
P ^ Ay, i.e. P is not cancellative. 

In view of the above results, the only case remaining regarding cancellation problem is when rank 
P = dimA- 1. 

Question 1.5 Let A be an affine algebra of dimension n > 3 over an algebraically closed field k. Let 
P be a projective A-module of rank n — 1. Is P cancellative? 

This is not known even when n = 3 and P = A^ . We prove the following result (|3.7p which is 
analogue of p.3p for affine algebras over Fp . 

Theorem 1.6 Let A be an affine algebra of dimension c? > 4 over Fp. Assume that if R is a finite 
extension of A, then R'^~^ is cancellative. Then every projective A-module of rank d— 1 is cancellative. 

Let R be an affine algebra of dimension d~ 1 over an algebraically closed field k with l/(c? — 1)! G 
R. Then Wiemers (|2.12p proved that projective P[X]-modules of rank d — 1 are cancellative, thus 
answering question (jl.Sp in affirmative in the polynomial ring case. We prove the following two results 
(|4.ip and (|6.3l 16. 5p which answers question (jl.Sp in affirmative in some special cases. 

Theorem 1.7 Let k be an algebraically closed field with l/d\ S k and let R be an affine k-algebra of 
dimension d. Assume that f{T) G R[T] is a monic polynomial and either 
(z) A = P[r, 1//] or 

(a) A — R[T, fi/ f, . . . , fr/ f], where /, /i, . . . , /,. G R[T] is a regular sequence. 
Then A'^ is cancellative. 

Theorem 1.8 Let R be an affine algebra of dimension d over an algebraically closed field k with 
l/d\ G k. Let P be a projective R[X, X^^]-module of rank d. Then 
[i] P is cancellative and 

(a) the natural map Aut (P) Aut {P/{X — 1)P) is surjective. 

We also prove the analogue of above results for affine algebras over real closed fields (|5.2[ 15. 3[ 15.71 
15. 4p . Note that (m) extends our earlier result ([7], Theorem 4.7), where it is proved for projective 
A-modules which are extended from R under the assumption that R is smooth. 
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Theorem 1.9 Let k he a real closed field and let R he an affine k-algehra of dimension d ~ \ > 2. 
Assume that f(T) G R[T] is a monic polynomial which does not belong to any real maximal ideal. 
Then the following holds: 

(i) If A = R[T, 1/f], then every projective A-module of rank d is cancellative. 

(a) If A — R[T, fi/ f, . . . , fr/ f], where /, /i, . . . , fr is a R[T]-regular sequence, then every projective 
A-module of rank d with trivial determinant is cancellative. 

(Hi) Further, if R = B[X], then A'^~^ is also cancellative in {i,ii). 

2 Preliminaries 

Let i? be a ring and let P be a projective _B-module. Recall that p e P is called a unimodular element 
if there exists a ip ^ P* ~ HoinB(P, B) such that ip{p) = 1. We denote by Um(P), the set of all 
unimodular elements of P. We write 0{p) for the ideal of B generated by iIj{p), for all i/; € P*. Note 
that, if p G Um(P), then 0{p) = B. For an ideal J C B, we denote by Um^(P©P, J), the set of all 
{a,p) e Um(P©P) such that a £ 1 + J and by Um(P©P, J), the set of ah {a,p) G Um\P©P, J) such 
that p G JP. 

Given an element ip G P* and an element p € P, we define an endomorphism ipp of P as the 
composite P ^ B ^ P. If ip{p) = 0, then ipp^ = and hence 1 + ipp is a uni-potent automorphism 
of P. By a transvection, we mean an automorphism of P of the form 1 + ipp, where f{p) = and 
either ip G Um(P*) or p G Um(P). We denote by E{P), the subgroup of Aut (P) generated by all 
transvections of P. Note that E{P) is a normal subgroup of Aut (P). 

An existence of a transvection of P pre-supposes that P has a unimodular element. Let P = B(BQ, 
q £ Q,a £ Q* . Then the automorphisms A, and Ta of P defined by Aq{b,q') — [h,q' + hq) and 
Ta{b,q') = (fe + a{q'),q') are transvections of P. Conversely, any transvection 6 of P gives rise to a 
decomposition P — B(BQ in such a way that — Ag ot Q — Ta- 

For an ideal J C P, we denote by EL^{B®P, J), the subgroup of P(P©P) generated by Ag and 
Tarj,, where q £ P, a £ J, (j) £ P* . 

We begin by stating two classical results due to Serre [17] and Bass [1]. 

Theorem 2.1 Let A be a ring of dimension d. Then any projective A-module of rank > d has a 
unimodular element. In particular, if dim. A = 1, then any projective A-module of trivial determinant 
is free. 

Theorem 2.2 Let A he a ring of dimension d and let P he a projective A-module of rank > d. Then 
E{A(BP) acts transitively on Um(AffiP). In particular, P is cancellative. 

The following two results are due to Lindel ([9], Theorem 2.6 and Lemma 1.1). 

Theorem 2.3 Let A he a ring of dimension d and R = A[Xi, . . . ,Xn,Y-^^, . . . ,Y.^^]. Let P be a 
projective R-module of rank > max (2,d+ 1). Then P(P©P) acts transitively on Um(P©P). In 
particular, projective R-modules of rank > d are cancellative. 
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Lemma 2.4 Let A be a ring and let P be a projective A-module of rank r. Then there exists s €z A 
such that the following holds: 

(i) Ps is free, 

(ii) there exists pi, . . . ,Pr (z P and (jji, . . . , (j)r G Horn (P, A) such that {4>i{Pj)) = diagonal (s, . . . , s), 
{Hi) sP C piA + . . . + PrA, 

(iv) the image of s in Ared is a non- zero- divisor and 
{v) (0 : sA) = (0 : s'^A). 

The following result is due to Bhatwadekar and Roy ([5], Proposition 4.1). 

Proposition 2.5 Let A be a ring and let L be an ideal of A. Let P be a projective A-module. Then 
any transvection of P/LP can be lifted to an automorphism of P. 

Definition 2.6 For a ring A, we say that projective stable range oi A is < r (notation: psr(A) < r) 
if for all projective A- modules P of rank > r and (a,p) G \Jm{A®P), we can find q ^ P such that 
p + aq E Uni(P). Similarly, A has stable range < r (notation: sr{A) < r) is defined the same way as 
psr(A) but with P required to be free. 

The following two results are due to Suslin, Vaserstein ([13] i Corollary 17.3) and Mohan Kumar, 
Murthy, Roy ( 11 , Theorem 3.7) respectively. 

Theorem 2.7 Let k C ¥p be a field and let A be an affine k-algebra of dimension d. Then sr(A) < 
max (2,d). Ln particular, A'^ is cancellative. 

Theorem 2.8 Let A be an affine algebra of dimension d > 2 over ¥p. Suppose that A is regular when 
d^2. Then psr (A) < d. 

The following result is due to Quillen [15^ and Suslin [22] . 

Theorem 2.9 Let A be a ring and let P be a projective A[T]-module. Assume that Pf is free for 
some monic polynomial f G ^[P]- Then P is free. 

The following result is due to Wiemers ([25], Theorem 3.2, Corollary 3.4). 

Proposition 2.10 Let R be a ring of dimension d and A = R[Xi, . . . , X„, Vj^^, . . . , i^^]- Let P be 
a projective A-module of rank > max (2, d + 1). Then 

(?;) EL^{A®P,Ym - 1) acts transitively on Um^(AeP, i;„ - 1). 

(m) the natural map Aut/i(P) Ant j^/(^Ym-i)i-P/0^rn — 1)-P) is surjective. 

We state two results due to Wiemers ([IS], Lemma 4.2 and Theorem 4.3) respectively which are 
very crucial for our results. 

Proposition 2.11 Let A be a ring and let P be an A-module (need not be projective). Assume that 
there exists p = [pi, . . . ,pn] G Hom^(A",P), (j) = [(pi, . . . ,(j)nY ^ Horn a{P, A"^) and si, . . . ,s„ G A 
such that 
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(m) {<j)i{pj))nxn = diagonal (si, . . . , s„) N. 

Let A4 be the subgroup o/GL„(yl) consisting of all matrices 1„ + T.N"^ for some matrix T. Then 
the map $ : — > Aut^(P), defined by $(1„ + T.N'^) = Idp + p.T.N.cf) is a group homomorphism. 

Theorem 2.12 Let R be a ring of dimension d with 1/dl e R and A — R[Xi, . . . , X„, Y-^^ , . . . , K^^] . 
Let P be a projective A-module of rank d. If P/{Xi, . . . ,X„)P is cancellative, then P is cancellative. 
In particular, if projective R-modules of rank d are cancellative, then projective R[Xi, . . . , Xn\-modules 
of rank d are also cancellative. 

We end this section by stating two results due to Keshari ([7], Theorem 3.5 and Theorem 4.4) and 
([6], Theorem 3.10). 

Theorem 2.13 Let R be an affine algebra of dimension n > 3 over an algebraically closed field 
k with l/{n — 1)! G k. Let g,fi,...,fr be a R-regular sequence and A ~ R[fi/ g, . . . , fr/ g]. Let 
P' be a projective A-module of rank n — I which is extended from R. Let {a,p) G Um(yl®P') and 
P = A®P' / {a,p)A. Then P is extended from R. 

Theorem 2.14 Let R be an affine k-algebra of dimension n > i, where k is a real closed field. Let 
f ^ R be an element not belonging to any real maximal ideal of A. Assume that either 

(i) A = R[fi/ f, . . . , fr/ f], where /, /i, . . . , is a regular sequence in R or 

{ti)A^Rf. 

Let P' be a projective A-module of rank > n — 1 which is extended from R. Let (a, p) G Um( A®P') 
and P = A(SP' / {a,p)A. Then P is extended from R. 

3 Main Theorem 

We begin this section with the following result which is very crucial for later use and seems to be well 
known to experts. Since we are unable to find an appropriate reference, we give the complete proof. 

Proposition 3.1 Let A be a ring of dimension d and let J be an ideal of A. Consider the cartesian 
square 

H 

C -^A 

12 jl 

A — ^A/J 

32 

Then C is finitely generated algebra over A of dimension d. In particular, if A is an affine algebra 
over a field k, then C is also an affine algebra over k. 

Proof Recall that C is the subalgebra oi Ax A consisting of all elements (a, b) such that a — b E J. 
First we will show that C ^ A® J, where A(BJ has the obvious ring structure, i.e. (a, x) + (a', x') — 
(a + a' ,x -\- x') and (a, x).{a' , x') = [aa' , ax' + a'x + xx') for (a, x), (a', x') G A(S)J . 
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We define ii : A(BJ ^ Ahy ii{a,x) = a + x and 12 : A(BJ ^ Ahy 12(0, x) = a. Then jiii = 2212- 
It is enough to show that A®J satisfies the universal property of cartesian square. Let B be a ring 
and let : _B — > A be ring homomorphism, i — 1,2 such that jifi = ^2/2- To show that there exists 
a unique ring homomorphism F : B ^ A®J such that iiF — fi and = /2. 

Define F{b) = (/2(6), h{b)- f2{b)). Since ji/i = J2/2, F : B -> A®J. Also it is clear that hF = fi 
and i2F = /2. It remains to show that _F is a ring homomorphism. Clearly, F{b + b') = F{b) + F{b') 
for b,b' e B. We have 

F{b).F{b') - (/2(6), h{b) - f2{b)).{f2{b'), h(b') - f2{b')) 

= (./2(6)/2(6'), /2W(/l(fo') - /2(&')) + f2{b'){h{b) f2{b)) + (A (6) - /2(6))(/l(6') - A (6'))) 
= (/2(6fe'),/l(&&')-/2(^'6'))-^(fcfc')- 

Uniqueness of F follows from the fact that iiF — fi and i2F — f2- This proves that C ^ AOiJ. If 
J = (ai, . . . , a, ), then A©J is generated by (0, ai), . . . , (0, a^) over ^©0, since if x = aiXi + . . .+arXr € 
J, then (0, x) = {xi,0).{0, ai) + . . . + {xr, 0).(0, a^). Hence ^©J is a finitely generated algebra over 
A. 

To show that dim A® J = dim A, we show that A(BJ is integral over A. It is enough to show that 
(0, Gi), i — 1, . . . ,r are integral over A. Clearly (0, a^)^ — {ai, 0)(0, a.i) — (0, 0). This proves the result. 
□ 

Corollary 3.2 Let A be a ring and let s £ A. Then the cartesian square of (A, A) over A/sA is 
A[X]/{X^ - sX). 

The following result is very crucial for later use. 

Lemma 3.3 Let A be a ring and let P be a projective A-module of rank r. Choose s G A satisfying the 
properties of ^2.4\ )- Assume that is cancellative, where R = A[X]/{X'^--s'^X). Then Aut {A(3P, sA) 
acts transitively on '[Jm^{A(BP, s'^A). 

Proof Without loss of generality, we can assume that A is reduced. By (|2.4p . there exist pi, . . . ,Pr G 
P and (pi, . . . ,(f)r G Hom {P, A) such that Ps is free, {<j>i{pj)) — diagonal (s, . . . , s), sP C piA+. . .+PrA 
and s is a non-zero-divisor. 

Let (/, q) G IJm^ {A(BP, s^A). Since / G 1 + s'^A, by adding some multiple of / to q, we may assume 
that q G s'^P. Since sP C piA + . . . + PrA, we can write q — fipi + . . . + frPr for some fi G s'^A, 
i = l,...,r. Note that (/, /i, . . . , /,-) G Um,+i(A, s^^). 

By (|3.2p . R is the cartesian square of [A, A) over A/ s'^A. 



12 Jl 

A—^A/is^) 
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Patching unimodular rows (/, /i, . . . , fr) and (1,0,..., 0) over A/s'^A, we get a unimodular row 
(co, ci, . . . , Cr) € Unir+i(i?). Since is cancellative, there exists 8 G GLr+i(i?) such that (cq, ci, . . . , Cr)8 = 
(1, 0, . . . , 0). The projections of this equation gives 

(/,/!,...,/,)* = (1,0,..., 0), (1,0,...,0)$ = (1,0,...,0) 

for certain matrices $ e GLr+i(A) such that v]/ = $ modulo (s^). Hence (/, A, . . . , A)* = 
(1, 0, ... , 0), where = A e GLr+i(A, s^A). 

Let A = 1 + TA^^, where T is some matrix and N — diagonal (l,s,...,s). Applying (|2.1ip 
with n = r + 1 and (si, . . . , s„) = (1, s, . . . , s), we get $(A) ^ Id + pTNcf) € Aut (AeP, sA), where 
p ^ [pi,...,Pn] e Hom (A", P) and </> = (/)„]* e Hom (P, A") with ((/)j(pj)) = iV = diagonal 

(1, s, . . . , s). We have 



$(A)(/, /ipi + . . . + Ap,) {Id + pTN<P){f, /ipi + . . . + frPr) 

= (/, /iPl + • • • + frPr) +pTNif, f,S, . . . , frsY 

^p{fJl,...,frY+pT{foJls\...JrS^Y 

= p(l + TiV2)(/, /!,...,/,)*= p(l, 0, . . . , 0)* = (1, 0). 

This proves the result. □ 



Corollary 3.4 Let A be a ring of dimension d and let P be a projective A-module of rank d. Choose 
s & A satisfying the properties of {2.4-^ . Assume that is cancellative, where R = ^[Ar]/(X^ — s^X). 
Then P is cancellative. 



Proof We may assume that A is reduced. By (|2.2|) . A(BP is cancellative, hence, we need to show 
that Aut {A(BP) acts transitively on Um(A0P). Let (/, q) G Um(A©P). Since s is a non-zero-divisor, 
dim A/s'^ < dim A. Hence, by there exists e E(A®P) such that 9{7,q) = (1,0), where 

"bar" denotes reduction modulo (s^). By (^3)) . can be lifted to 9 G Aut (yl©P) and 9(/, g) G 
Vtji\A®P,s'^A). By ([331), there exists Oi G Aut (A®P) such that eie{f,q) = (1,0). This proves 
the result. □ 
As a consequence of above result, we prove our first main result. 

Theorem 3.5 Let A be a ring of dimension d. Assume that for every finite extension R of A, R'^ is 
cancellative. Then every projective A-module of rank d is cancellative. 



Proof Let P be a projective A-module of rank d. Choose s G A satisfying the properties of (|2.4p . 
If P = A[X]/{X'^ — s^X), then R is finite extension of A and hence R'^ is cancellative. By p.4p . P is 
cancellative. □ 

Lemma 3.6 Let A be an affine algebra of dimension d > 4 over Fp. Let P be a projective A-module 
of rank d—1. Choose s G A satisfying the properties of l\2.4^ . Assume that R'^^^ is cancellative, where 
R = A[X]/{X'^ - s'^X). Then P is cancellative. 
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Proof We can assume that A is reduced and hence s is a non-zero-divisor. Since, by SusKn's result 
(jl.ip . every projective A-module of rank d is cancehative, it is enough to show that Aut {A®P) acts 
transitively on Um(A©P). 

Let {a,p) e Uni(yl©P). Let "bar" denotes reduction modulo s'^A. Then dim A = d - 1 > 3. 
By p.8[) . there exists q E P such that p + ciq E Um(P). Hence there exists ct G E{A(BP) such that 
a(a,p) ~ (1,0). Lifting a to a € Aut{A(BP) and replacing (a,p) by u(a,p), we may assume that 
{a,p) e lJTa-{A®P,s'^A). By ([331), there exists A e Aut (AeP) such that A(a,p) = (1,0). This 
proves the result. □ 

Theorem 3.7 Let A be an affine algebra of dimension d > A over Fp. Assume that if R is a finite 
extension of A, then R'^~^ is cancellative. Then every projective A-module of rank d— 1 is cancellative. 

Proof Let P be a projective A-module of rank rf — 1. Choose s E A satisfying the properties of (|2.4p . 
Since R = A[Ar]/(X^ — s'^X) is a finite extension of A, R'^^^ is cancellative, by hypothesis. Applying 
(|3.6[) . P is cancellative. □ 

Proposition 3.8 Let A be a ring and let P be a projective A-module of rank r. Choose s E 
A satisfying the properties of ^2.4^ . If Gljr+i{A, s"^ A) acts transitively on Umr+i(A, s^A), then 
Aut (A®P, sA) acts transitively on Um^(A©P, s'^A). 

Proof Let (a,p) E Um^(A©P, s^A). Since a = 1 modulo s'^A, adding some multiple of a to p, we 
may assume that p E s'^P. Since, by (|2.4p . sP C piA + . . . + PrA, we get p = aipi + . . . + arPr for 
some Oi E s'^A, i ~ 1, . . . , r. Note that (a, ai, . . . , a^) E Umr+i(A, s'^A). By assumption, there exists 
A E GLr+i(A, s^A) such that A(a, ai, . . . , a^) = (1, 0, . . . , 0). 

Let A = 1 + TN"^, where T is some matrix and N = diagonal (1, s, . . . , s). Applying (|2.1ip with 
n ^ r + 1 and (si, . . . , s„) = (1, s, . . . , s), we get <I>(A) = Id + pTNcj) E Aut (A®P). It is easy to see 
that <i>(A) E Aut {A(BP,sA). Further, as in the proof of (P^ . we can see that $(A)(a,p) = (1,0). 
This proves the result. □ 

The following result generalizes ([231, Corollary 17.3). 

Theorem 3.9 Let k C ¥p be a field and let A be an affine algebra over k of dimension d > 2. Then 
every projective A-module of rank d is cancellative. 

Proof By Suslin-Vaserstein result ([23], Corollary 17.3), si{A) < d. Hence every stably free A- 
module of rank d is free, i.e. A'^ is cancellative. If P is a finite extension of A, then B is also affine 
/c-algebra of dimension d and hence B"^ is also cancellative. By p.Sp . the result follows. □ 

Remark 3.10 Let k he a, field and let A be an affine fc-algebra of dimension d. Assume that 
characteristic of k is either or p > d. Further assume that cd{k) < 1, where "cd" stands for 
cohomological dimension [18]. Then A'^ is cancellative (Suslin's result). The proof of this result is 
contained in [T^ (see [H], 2.1 - 2.4). 
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In particular, if A is an affine fc- algebra of dimension d, where fc is a Ci -field of characteristic or 
p > d. Then A"^ is cancellative. Note that we do not need k to be perfect in (ii)). By (|3.4p . we 
get Bhatwadekar's result (jl.ir ii)) that every projective A-module of rank d is cancellative. 

4 Over algebraically closed fields 

In this section, k will denote an algebraically closed field. 

Proposition 4.1 Let R be an affine k-algebra of dimension d with 1/dl £ k. Let f(T) G R[T] be a 
monic polynomial. Assume that either 
{{) A^R[T,l/f{T)] or 

(ii) A = R[T, fi/ f, . . . , fr/ f], where /, /i, . . . , fr is a regular sequence in R[T]. 
Then A'^ is cancellative. 

Proof (i) Assume that A — R[T,1/ f{T)] and let P be a stably free A-module of rank d. Since 
Ai+fk[f] is an affine domain of dimension d over a Ci-field by Sushn's result (|3.10p . P ^ Ai^f^if] 
is free. Hence, there exists G 1 + fk[f] such that Ph is free. By ([12], Lemma 2.9), patching P 
and {R[T]h)'^, we get a projective i?[T]-module Q of rank d such that Qf^P and Qh is free. Since 
h G R\T] is a monic polynomial, by (|2.9|) . Q is free and hence P is free. This proves that A"^ is 
cancellative. 

(ii) Assume that A ~ i?[r, /i//, . . . , fr/ f] and let P be a stably free A-module of rank d. By (I2.13p . 
there exists a projective i?[T]-module Q of rank d such that P ^ Q ® A. Since P®A ^ {Q®A)(BA 
is free, hence {Q®R[T])® R[T,ll f] is free. Since / is a monic polynomial, by ([^ . (3©i?[r] is free. 
By (|2.12p . R\TY is cancellative. Hence Q is free and therefore P is free. This proves that A^ is 
cancellative. □ 

Lemma 4.2 Let R be a reduced ring of dimension d and A = R[T, 1//(T)] for some f{T) G R[r]. 
Let P be a projective A-module. Then there exists a non- zero- divisor s £ R satisfying the properties 
of (2^. 

Proof Let S be the set of non-zero-divisors of R. Then S~^R is a direct product of fields. Since 
K[T, l/g{T)] is a PID for any field K and g{T) G K[T], every projective 7^[T, l/.g(T)]-module is free. 
Hence every projective module of constant rank over S^^R[T, l//(r)] is free. Now, it is easy to see 
that we can choose s G 5 satisfying the properties of (|2.4[) . □ 

Theorem 4.3 Let R be a reduced affine k-algebra of dimension d with l/d\ G k. Let f{T) G R^T] be 
a monic polynomial and let A = R[T, 1/ f(T)]. Let P be a projective A-module of rank d. By (^T^, 
choose a non-zero-divisor s E R satisfying the properties of i2.4\ l. Then Aut (A®P) acts transitively 
on lJm^{A®P,s^A). 
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Proof Let C = A[X]/{X^ - s^X) = B[T, 1//(T)], where B = R[X]/{X^ - s^X) is an affine k- 
algebra of dimension d. By (|4.ip . is cancellative. Applying (|3.3p . we get that Aut (A©P) acts 
transitively on Um^ ( A©P, s'^A). □ 



Remark 4.4 In (|4.3p . if every element of Um(A©P) can be taken to an element of Um^(A©P, s^A) 
by an automorphism of A(BP, then P will be cancellative. The same remark is applicable for (|4. 7115.61 
and (Ell). 

Lemma 4.5 Let R be a reduced ring and A = R[T, fi/f, . . . , fr/f] for some f,fi,...,fr G R[T]. 
Let P be a projective A-module with trivial determinant. Then there exists a non-zero-divisor s e P 
satisfying the properties of {2.4-^ . 

Proof Let S be the set of non-zero-divisors of R. Then S~^R is a direct product of fields and 
AivaS'^A = 1. As determinant of P is trivial, by l|2.ip . S~^P is free. Now, we can choose s ^ S 
satisfying the properties of (|2.4p . □ 

Remark 4.6 Let A = K[T, f{T)/g{T)], K is a field. We can assume that / and g have no common 
factors. Hence {f,g) = K[T]. Since Af = K[T, {fg)'^] and Ag = K[T,g~'^] are PID, A is a Dedekind 
domain. We do not know if all projective A-modules are free. 

Theorem 4.7 Let R be a reduced affine k-algebra of dimension d with 1/dl G k. Let fiT) 6 R\T] he 
a monic polynomial and A = R\T, /i//, . . . , fr/ f\, where /, /i, . . . , fr is a regular sequence in R\L\- 
Let P be a projective A-module of rank d with trivial determinant. By \4-5^ , choose a non-zero-divisor 
s G R satisfying the properties of ^2.4^ . Then Aut {A(BP) acts transitively on Um^(A®P, s'^A). 

Proof Let C = A[X]/{X^ - s^X) = B[T, fi/f, fr/f], where B = R[X]/{X^ - s^X) is an affine 
fc-algebra of dimension d. Since P is a free P- module, /, /i, . . . , is a P[T]-regular sequence. By 
(|4TT|) . is cancellative. Applying ((331) . we get that Aut (A®P) acts transitively on Um^(A©P, s'^A). 
□ 

Theorem 4.8 Let R be an affine ¥p-algebra of dimension d > 3, where p > d. Let f(T) G R[T] be a 
monic polynomial and A — P[T, /i//, . . . , fr/f] for some /, /i, . . . , G P[P]. Then every projective 
A-module of rank d with trivial determinant is cancellative. 

Proof First we prove that A'^ is cancellative. Let P be a stably free ^-module of rank d. By Suslin's 
result (ILlf i)). we may assume that P(BA is free. By ([7], Theorem 3.6), P is extended from R[T]. 
Now, we can complete the proof as in (Hm^ii)). 

Let P be a projective A-module of rank d with trivial determinant. We may assume that A 
is reduced. By (14. 5p . choose a non-zero-divisor s G P satisfying the properties of (12. 4p . If C = 
— s^F), then, as in the previous paragraph, is cancellative. By p.3p . Aut (A©P) acts 
transitively on 'Um^{A(BP,s'^A). Applying (12. 8p and (12. 5p . it is easy to see that every element of 
Um(yl©P) can be taken to an element of Um^(yl.©P, s'^A) by an automorphism of AqP. This proves 
that P is cancellative. □ 
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As a consequence of (|4.8p . we get the following result which extends a result of Murthy (|12|. 
Corollary 2.13), where it is proved that A"^ is cancellative. 

Theorem 4.9 Let R = Fp[Xi, . . . , ^rf+i] and let A be a subring of the fraction field of R with R <Z A. 
Suppose p > d > 3. Then all projective A-modules of rank d with trivial determinant are cancellative. 

Using (|4.1|) and following the proofs of ([12], Proposition 3.1 and Theorem 3.6), we get the following 
two results. 

Corollary 4.10 Let l/{d — 1)! G fc and A = fc[xo, xi, . . . , Xd\, where xf^^ + x\ + f{x2, ■ ■ ■ , Xd) — for 
some f € k[x2, ■ ■ ■ , Xd]- Then A"^^^ is cancellative 

Corollary 4.11 Let l/{d— 1)! G k and A ~ k\x, y, ti, . . . , trf-i], where x + x''g{x, ti, . . . , td-i) + x'^y + 
/(ti, . . . ,td-i) = 0, with d > 3, s > 2, r > 2. Then A is a smooth d dimensional affine k-algebra. 
Further A'^^^ is cancellative. 



5 Over real closed fields 

In this section, k will denote a real closed field. 

Proposition 5.1 Let R be an affine k-algebra of dimension d — 1 > 2 and let f(T) G R[T] be a monic 
polynomial. Assume that f(T) does not belongs to any real maximal ideal of R[T] and either 
(*) A = i?[T, l//(r)] or 

(a) A — R[T, /i//, . . . , fr/ f], where /, /i, . . . , fr is a regular sequence in R[T]. 
Then A'^ is cancellative. 

Proof (i) Let A = R[T, 1//(T)] and let F be a stably free A-module of rank d. Then P®A is free, 
by p.2|) . By ([13], Theorem), P is extended from R[T]. Let Q be a projective i?[T]-module such that 
P = Q(g)A. Then {Q®R[T])f is free and / is a monic polynomial, hence Q®R[T] is free, by (|2^ . 
By Plumstead's result [T3], every projective i?[T]-module of rank > dimi? is cancellative. Hence Q is 
free and therefore P is free. 

(m) Let A = R[T, fi/f, . . . , fr/f] and let P be a stably free A-module of rank d. Then P(SA is 
free, by (|2.2p . By (|2.14p . P is extended from R[T]. Let Q be a projective i?[T]-module of rank d such 
that F ^ Q (g) A. Since (Q ® A) ©A is free, {Q®R[T]) >g) R[T,1/ f] is free. As / is a monic polynomial, 
by ()2.9p . Q®R[T] is free. By Plumstead's result 14J, Q is cancellative. Hence Q is free and so P is 
free. □ 

Theorem 5.2 Let R be an affine k-algebra of dimension d — 1 > 2 and let f{T) G R[T] be a monic 
polynomial. Assume that f{T) does not belong to any real maximal ideal of R[T] and A — R[T, 1//(T)]. 
Then every projective A-module of rank d is cancellative. 
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Proof We may assume that R is reduced. Let P be a projective A- module of rank d. By (|4.2p . we 
can choose a non-zero-divisor s G i? satisfying the properties of (|2.4p . Let C = A[X]/{X'^ — s'^X) = 
B[T, l/f{T)], where B ^ R[X]/{X'^ - s'^X). Since B[T] is a finite extension of R[T], any maximal 
ideal of B[T] will contract to a maximal ideal of R[T]. Therefore, /(T) does not belongs to any real 
maximal ideal of B[T]. By (15. ip . C"^ is cancellative. Hence, by p.4|) . P is cancellative. □. 

Theorem 5.3 Let R be an affine k-algebra of dimension d — 1 > 2 and let f{T) G R[T] be a 
monic polynomial. Assume that f{T) does not belong to any real maximal ideal of R[T] and A — 
R[T, /i//, . . . , fr/ f], where f,fi,...,frisa regular sequence in R[T]. Then every projective A-module 
of rank d with trivial determinant is cancellative. 

Proof We may assume that R is reduced. Let P be a projective A-module of rank d with trivial 
determinant. By (|4.5|) . we can choose a non-zero-divisor s G i? satisfying the properties of (|2.4p . Let 
C = A[X]/{X^ - s^X) = B[T, fi/f, fr/f], where B = R[X]/{X^ - s^X). Since B[T] is a finite 
extension of R[T], any maximal ideal of i?[T] will contract to a maximal ideal of R[T]. Therefore, /(T) 
does not belongs to any real maximal ideal of B[T]. Also, since B[T] is a free P[T]-module, /, /i, . . . , fr 
is a regular sequence in B[T]. By (15. is cancellative. Hence, by p.4|) . P is cancellative. □. 

Proposition 5.4 Let R be an affine k-algebra of dimension d — 2 > 1. Let A = R[X,T, 1/f], where 
f G R[X,T] is a monic polynomial in T and f does not belong to any real maximal ideal of R[X,T]. 
Then A"^^-^ is cancellative. 

Proof Let P be a stably free A-module of rank d—1. By (|5.ip . we may assume that P(BA is free. By 
P.14p . Pis extended bom R[X,T]. Let Q be a projective P[X, T]-module such that P ^Q^A. Since 
{Q®R[X,T])^A is free and / is a monic polynomial, by (|2^ . Q®R[X,T] is free. By Ravi Rao's 
result ([IS], Theorem 2.5), every projective P[Xi, . . . , X„]-module of rank > dimP is cancellative. 
Hence Q is free and therefore P is free. □ 

Corollary 5.5 Let A = k[Xi^ . . . , X^, I//]. Assume that f does not belongs to any real maximal ideal 
of k[Xi, . . . , Xd]. Then every projective A-module of rank > d — 1 is free. 

Proof Since Ko{A) = Z, every projective A-module is stably free. Now the result follows from ()5.4p . 
□ 

Theorem 5.6 Let R be an affine k-algebra of dimension d — 2 > 1. Let A ~ R[X,T,l/f], where 
f G R[X,T] is a monic polynomial in T and f does not belong to any real maximal ideal of R[X,T]. 
Let P be a projective A-module of rank d—1. Assume that there exists a non-zero-divisor s G P 
satisfying the properties of ^2^. Then Aut (A®P) acts transitively on Um"'^(A©P, s'^A). 

Proof Let C = A[Y]/{Y^ - s^Y) = B[X,T, 1/f], where B = R[Y]/{Y^ - s^Y). Since B[X,T] is a 
finite extension of R[X,T], f does not belongs to any real maximal ideal of B[X,T]. By (|5.4p . C^^^ 
is cancellative. By ([33]) . Aut (AeP) acts transitively on Um^(AeP, s^A). □ 
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Proposition 5.7 Let R be an affine k-algebra of dimension d— 2 > 1. Let A = R[X,T, fi/ f, . . . ,fr/f], 
where f,fi,...,fr is a R[X, T]-regular sequence. Assume that f is a monic polynomial in T and f 
does not belong to any real maximal ideal of R[X,T]. Then A'^^^ is cancellative. 

Proof Let P be a stably free ^-module of rank d — 1. By (|5.ip . P(BA is free and hence by (|2.14[) . 

P is extended from R[X,T]. Let Q be a projective Tj-module such that P ^ Q(E)A. Since 
{Q(SR[X,T])(g>A is free, {Q®R[X,T]) (g) R[X,T]f is free. Since / is a monic polynomial, by 
Q(BR[X,T] is free. By Ravi Rao's result ([H], Theorem 2.5), every projective R[Xi, . . . ,X„]-module 
of rank > dim R is cancellative. Hence Q is free and therefore P is free. □ 

Theorem 5.8 Let R be an affine k-algebra of dimension d — 2 > 1. Let A = R[X, T, fi/ f, . . . , frlf\, 
where f,fi,...,fr is a R[X, T]-regular sequence. Assume that f is a monic polynomial in T and f 
does not belong to any real maximal ideal of R[X,T]. Let P be a projective A-module of rank d — I. 
Assume that there exists a non-zero-divisor s G i? satisfying the properties of (2^. Then Aut {A(BP) 
acts transitively on IJm^ {A(BP, s'^ A) . 

Proof Let C = A[Y]/{Y^ ~ s^Y) = B[X,T,fi/f, . . .,/,.//], where B = R[Y]/{Y^ ~ s'^Y). Since B 
is a finite extension of i?, every maximal ideal of B\X., T\ will contract to a maximal ideal of T\. 
Hence / does not belongs to any real maximal ideal of T]. Also, as T] is a free module 
over -R[X, T], /, /i, . . . , is a regular sequence in B\X, T]. By (|5.7p . C^'^ is cancellative. Hence, by 
(1231), Aut {A®P) acts transitively on Um^(A®P, s^A). □ 



6 Over Laurent polynomial rings 

Lemma 6.1 Let R be a reduced ring of dimension d and let A = R[Xi, . . . Yf*^^, . . . ,y„^^]. Let 
P be a projective A-module. Then there exists a non-zero-divisor s G i? satisfying the properties of 

Proof Let S be the set of non-zero-divisors of R. Then S~^R is a direct product of fields. Suslin 
([21j. Corollary 7.4) and Swan ([24], Theorem 1.1) independently proved that if is a field or a PID, 
then every projective K[Xi, . . . , Xn, Y^^, . . . , y^^]-modules are free. Hence S~^P is free. Now we 
can choose s G S satisfying the properties of (|2.4[) . □ 

Theorem 6.2 Let R be a ring of dimension d and let A = R[Xi, . . . , Xn, Y-^^, . . . , Y^''-]. Let P be a 
projective A-module of rank > d. By 116. choose a non- zero- divisor s £ R satisfying the properties 
of i2.4\ ). Assume that B'^ is cancellative, where B — A\T]/{T'^ — s'^T). Then P is cancellative. 

Proof By ([33|l . Aut (A©P) acts transitively on \]m^{A(BP,s'^A). Let "bar" denotes reduction 
modulo s'^A. Since d\mR/s'^R < d, by ifO]) . E(A®P) acts transitively on Um(A©P). Further, by 
(|2.5p . every element of E{A®P) can be lifted to an element of Aut (A©P). Hence, every element of 
Um(A©P) can be taken to an element of Um^(yl©P, s'^A) by an automorphism of AqP. This proves 
that P is cancellative. □ 
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Theorem 6.3 Let R be an affine algebra of dimension d over an algebraically closed field k with 
1/dl G k. Let A = R[X, X^^]. Then every projective A-module of rank d is cancellative. 

Proof We can assume that A is reduced. Let P be a projective ^-module of rank d. By (j6.H) . choose 
a non-zcro-divisor s e R satisfying the properties of (P^ . Let B = A[T]/{T^ - s^T) = 
where Bi = i?[T]/(T^ — s^T) is an affine algebra over k of dimension d. By (|4.ip . B'^ is cancellative. 
Hence, applying (j6.2|) . we get that P is cancellative. This proves the result. □ 

Theorem 6.4 Let R be a ring of dimension d. Let A — R[Xi, . . . , X„, Y-^^ , . . . , Y^^] and let P 
be a projective A-module of rank > d. By i6.1]) . choose a non-zero-divisor s € i? satisfying the 
properties of ^2.4\ )- Assume that B'^ is cancellative, where B = Bi[Xi, . . . , X„, Y-{^^ , . . . , Y^^] and 
Bi = i?[T]/(T^ — s^T). Then the natural map Aut (P) — > Aut (P/(y„i — 1)P) is surjective. 

Proof When rank P > d, the result follows from ()2.10p . Hence, we assume that rank P ~ d. Let 
"bar" denotes reduction modulo (y,„ — 1)A. It is easy to see that we can assume that R is reduced. 

Let T S Aut^(P), then by (|2.10p . we can lift id-j(S)T E Aut^(^®P) to an automorphism 6 of 
A®P. Let 0(1,0) = {h,p) e Um(A©P, - 1). Assume that there exists ^ G Aut {A®P,Ym - 1) 
such that fi{h,p) ~ (1,0). Then, we have the following commutative diagram 

A®P — ^ A®P — ^ A©P 

A®P A(BP A®P 

Note that fi9 e Aut {A(SP) is a lift of id-^r. Further '5(1,0) = (1,0). Hence ^I^ induces an 
automorphism 'i' £ Aut (P) which is a lift of r. Hence, it is enough to show that Aut {A®P, Y,n — 1) 
acts transitively on Um(A©P, Y,n ~ 1). 

Let {f,q) G \Jm{A(BP,Ym — 1). Let "tilde" denote reduction modulo s^A. Since dimR/s'^R < 
dimP, by ((27TO)l . EL'^{AQ)P,Yra - 1) acts transitively on \Jm^{A®P,Yra - 1). After lifting the 
EL^{A(BP,Yjn — 1) transformations, we may assume that (/, g) = (1,0) modulo s^{Yjn — I) A. 

Since q G s^{Yjn — 1)P, with the notation in (|2.4p . we can write q — fipi + . . . + fdPd for some 
f^ e - i)A, I = 1, . . . , d. Note that (/, /i, . . . , /d) G Umd+i(A, s2(y„ _ i)). 

Since B"^ is cancellative, where P is the cartesian square of A, A over A/{s'^), as in the proof of 
(ESI), there exists A G GLd+i{A,s^A) such that (/, A, . . . , /rf) A = (1, 0, . . . , 0). Since (/, A, . . . , /d) G 
Umd+i(A,s2(y„ _ 1)), going modulo (F™ - 1), we get (1, 0, . . . , 0)A(r™ - 1) = (1,0,..., 0). Hence, 
if e - AA(i;„ - then (/, /i, . . . , fd)e = (1, 0, . . . , 0) and 9 G GU+iiA, s^Yra - 1)). 

Let A = 1 + TN'^, where T is some matrix and TV = diagonal (1, s, . . . , s). Applying (|2.1ip with 
n = d-{-l and (si, . . . , s„) = (1, s, . . . ,s), we get = $((5) G Aut (A®P, - 1) and *(/, /ipi + . . . + 
fdPd) = (1,0). This proves the result. □ 

As an application of (|6.3p and (|6.4p . we get the following result. 
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Corollary 6.5 Let R be an affine algebra of dimension d over an algebraically closed field k with 
1/dl G k. Let A = R[X, X^^] and let P be a projective A-module of rank d. Then the natural map 
Aut (P) — > Aut ^/(y_i)(P/(y - l)P) is surjective. 

We end this section by stating four results which follow directly from (|2.12p by applying p.lOp . 
(|6.31 16. 4p . (jl.lf iii)) and (|3.9p respectively. Note that (|6.7f i)) generahzes a result of Keshari ([5], 
Proposition A. 9), where it is proved when A is a smooth affine algebra of dimension d — 2 and the 
determinant of P is trivial. 

Theorem 6.6 Let A be an affine algebra of dimension d over a Ci- field k with 1/dl £ A and R = 
A[A"i, . . . , Ar„]. Then every projective R-module of rank d is cancellative. 

Theorem 6.7 Let A be an affine algebra of dimension d over an algebraically closed field k with 
l/d\ £ k and R = A[Xi, . . . , Xn, Y"^^]. Let P be a projective R-module of rank d. Then 

(i) P is cancellative and 

(ii) the natural map Aut (P) Aut {P/{Y — 1)P) is surjective. 

Theorem 6.8 Let A be a finitely generated algebra over Z of dimension d with 1/dl G A. Then all 
projective A[Xi, . . . , Xn]-modules of rank d are cancellative. 

Theorem 6.9 Let k C Vp be a field and let A be an affine k-algebra of dimension d. Assume that 
p > d. Then all projective A[Xi, . . . , Xn]-modules of rank d are cancellative. 

Acknowledgments. I sincerely thank S.M. Bhatwadekar for useful discussion on p.ip . 
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